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Abstract
The aim of this paper is to introduce new contractions which admit
to amend and generalize some results earned by Zheng et al.
(Zheng?). We also present an example corresponding to this new
contraction of our main result . Further, we discuss an application
to the solvability of nonlinear equations.
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1. Introduction

The Banach contraction principle (Banach) is a fundamental result in fixed point
theory. Due to its importance, various mathematician studied many interesting
extensions and generalizations, [Browder; Kari; Mlaiki; Roshan]. Jleli and Samet
[Jleli] analyzed a generalization of Banach fixed point theorem on generalized metric
spaces in new type of contraction mappings called (8)-contraction mapping (or J-S
contraction) and proved a fixed point result in generalized metric spaces. This direction
has been studied and various fixed point theorems have been developed [Karil; Kari3].
Many generalizations of the concept of metric spaces are defined and some fixed point
theorems were proved in these spaces. In particular, b-metric spaces were introduced
by Bakhtin [Bakhtin] and Czerwik [Czerwik], in such a way that triangle inequality is
replaced by the b-triangle inequality. Any metric space is a b-metric space but in
general, b-metric space might not be a metric space. Various fixed point results were
established on such spaces. For more information on b-metric spaces and b-metric like-
spaces, the readers can refer to [Demir; Jleli; Nashine; Reich].
Very recently, Zheng et al. [Zheng] introduced a new concept of (8 — ¢)-contraction
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and established some fixed point results for such mappings in complete metric space
and generalized the results of Browder and Kannan [Browder].

2 Preliminaries

We, provide several definitions and results that are helpful to understand the main
section.

Definition 1. (Czerwik) : Let (X, d) be a b-metric space with coefficient s > 1 be a
given real number. A function d: X x X - R™* is a b-metric space if and only if for all
x,y,z € X, the following conditions are satisfied :

() d(x,y) =0ifand only if x = y;

(1) d(x,y) = d(y,x);

() d(x,z) < s[d(x,y) +d(y, 2)].

The pair (X, d) is called a b-metric space.

Lemma 2. (Aghajani) Let (X, d) be a b-metric space.

(a) suppose that sequences {x,, } and {y,,} in X are such that x,, - x and y,, = y as

n — oo, with x # y, x,, # x and y,, # y for all n € N. Then we havesizd(x,y) <
lim infd(x,, y,) < lim sup d(x,,y,) < s?d(x,y). (b) In particular, if x = y, then
n—-oo n—oo

we have lim,,_, . d(x,, v,) = 0. Moreover, for each z € X, we have id(x, z) <

lim,,,infd(x,, z) < lim,_.sup d(x,, z) <sd(x,z), forall x € X.

Lemma 3. (Czerwik) Let (X, d) be a metric space and let {x, } be a sequence in X

such that lim d(x,, x,+1) = 0. If {x,,} is not a Cauchy sequence, then there exist € >
n—-oo

0 and two sequence {m(k)} and {n(k)} of a positive integers such that e <

lim infd (xm(k),xn(k)) < Illjgosup d (xm(k),xn(k)) <se €<

k—oo

o < 1 < <
]ll_)r‘gomfd (xn(k)'xm(k)+1> < Ill_r;glosup d (xn(k)'xm(k)+1) <se €<
. . . €
< < - <<
Ill_l)‘glnfd (xm(k)'xn(k)+1) < Illjglosup d (xm(k),xn(k)+1) < s6C <

llillc}oinf d (xm(k)ﬂ'xn(k)ﬂ) = ;lil?osur) d (xm(k>+1'xn(k)+1) = s’e
The following definition was given by Jleli et al.(Jleli).
Definition 4. (Jleli) Let © be a family of all functions 8: ]0, +oo[—=]1, +oo[ such that
(6;1) 6 is aincreasing,
(6,) for each sequence {x,} c ]0, 4+oo[; lim,,_, 4x,, = 0 if and only if lim,,_,,,6 (x,) =
1;
(63) 8 is a continuous.

Zheng et al. (Zheng), presented the concept of (6 — ¢)- contraction on metric
spaces and proved the following result.
Definition 5. (Zheng) Let & be a family of all functions ®: [1, +oo[ = [1, +oo[, such
that
(¢1) ¢ is non-decreasing,
(¢,) for each t €]1, +oo], lim,,_,,, ¢p™(t) = 1;
(¢3) ¢ is a continuous.
Lemma 6. (Zheng) If ¢ € d, then ¢p(1) =1, and ¢(t) <tVtE]l ol
In this paper, we introduce new notions of Gregus type(0) — and Gregus type (6 —
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¢) —contraction (or R-N contraction) and establish some results of Zheng et al.(Zheng),
Kannan(Kannan) and Reich (Reich) on b- metric space. An example is constructed to
illustrate our result. As an application, we prove the existence and uniqueness of a
solution for the nonlinear Fredholm integral equations.

3 Main Result

In this part, we discuss new results in the context of Gregus type 8 and Gregus type
(6, ¢) -contractions.

Definition 7. (Jleli) Let (X, d) be a metric space with parameter s > 1 space and
T:X — X be a mapping.

T is said to be Gregus type 6-contraction if there exist 8 € © and r € ]0,1[ such that
d(Tx,Ty) > 0 = 0[s3d(Tx,Ty)] < 8[M(x,y)]", where M(x,y) = a d(x,y) +

(1) max {d(x,),d(x %), d(y,Ty), 2202

2s2

Definition 8. Let (X, d) be a metric space with parameter s > 1 spaceand T: X - X
be a mapping.
T is said to be Gregus type (8 — ¢)-contraction if there exist 8 € ® and » €]0,1[ such
that d(Tx,Ty) > 0= 0[s3d(Tx,Ty)] < p[0(M(x,y))], Wwhere M(x,y)=

ad(x,y)+ (1 —a)max {d(x, y),d(x,Tx), d(y, Ty),w}_

252
Theorem 9. Let (X, d) be a complete b-metric space and T: X — X be a Gregus type
@ -contraction and 0 < a < 1 i.e. there exist 8 € ® and r €]0,1[ such that for any
x,y € X, we have d(Tx,Ty) > 0= 0[s3d(Tx,Ty)] < 0[M(x,y)]". Then T has a
unique fixed point .
Proof. Let x, € X be an arbitrary point in X and define a sequence {x,} by x,;1 =
Tx, = T™""1x,, V n € N. If there exists ny, € N such that d(Xn,, Xny+1) = 0 then the
proof is completed. We can suppose that d(x,,x,;1) > 0, Vn € N. Letting x =
Xn—1 and y = x, in [eql], we have
0[d (xn, xn41)] < 0[53d (xn, Xp41)] < [O(M (X1, x2))]", VR E N,
where
M (Xp-1,2) = @ d(Xp-1,2,) + (1 — @)Max{d (Xp—1,%n), d (Xn1, Txn_1), d (X, Tn),
d(xn—lfon) + d(Txn—lfxn)
2s2 )
=a d(xn—lfxn) + (1 - a)max{d(xn—lfxn)' d(xn—lvxn)' d(xn; xn+1);
d(Xn-1,Xp+1) + d(Xn, Xn)
2s? J

d(Xn—1, Xn+1)
2s?

1

=a d(xn—lfxn) + (1 - a)max{d(xn—lfxn)' d(xn: xn+1):

Since
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_d(xn—lfxn+1) < S [d(xn—l'xn) + d(xn'xn+1)]

252 252"

1
= z (d(xn—l' xn) + d(xn' xn+1))

1
< o2 (A1, Xn) + d () Xn41))

< max{d (xn—ll xn)l d(xn' xn+1)}l
we obtain
M(xn—b xn) = ad(xn—li xn) + (1 - a)max{d(xn—lf xn)' d(xn' xn+1)}
It M(x,_1,xn) = d(xn, Xne1) by [eg2], we have
0(d(xn, Xn41)) < (0(d(xn, Xp+1)))"

< (0(d(xp, Xn+1))),
which is a contradiction. Hence M (x,,_1, x,,) = d (%1, X,)- Thus

0(d(xn, Xn4+1)) < (0(d(Xn-1,X%)))"
Repeating this step, we conclude that

0(d((tn Xn41))) < (O(ACXn-1, %))
< (0(d(tn—z X))

< (0o 1))

From [eq3] and wusing (6;), we get d(x,, xpy1) < d(x,_1,%,). Therefore,
d(%Xn, Xn41)ney 1S monotone strictly decreasing sequence of non-negative real
numbers. Consequently, there exists @ > 0 such that

limd(x,41,x,) = .
n—oo

Now we claim that @ = 0. Arguing by contradiction, we assume that ¢ > 0. Since
d(Xn, Xn+1)ney 1S @ non-negative decreasing sequence, we have d(x,, Xp41) =
a,Vn € N. By the property of (6;),we get

1< 6(a) < 6(d(xy,x))".
Letting n = oo in [eq4], we obtain 1 < 8(«) < 1. This is a contradiction. Therefore,
limd(x,, x,+1) = 0.
n—->0oo

Next, we shall prove that {x,},,cy is @ Cauchy sequence. By Lemma 2.3, there is an
€ > 0 such that for an integer k there exists two sequence {n)} and {m,} such that

) EES limy, e infd(xm(k),xn(k)) < limj_,, sup d(xm(k),xn(k)) < s€;
(i) B < limy_ 0 infd(xn(k),xm(k)ﬂ) < limj_, sup d(xn(k)'xm(k)+1) < s2¢;

€
(iid) 5 < limy_, 0 1nfd(xm(k),xn(k)+1) < limy_,, sup d(xm(k),xn(k)H) < s°€;
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€

(iv) ) < limy_ e infd(xm(k)+1,xn(k)+1) < limy_ sup d(xm(k)+1,xn(k)+1) < s3e.
From [eql] and by setting x = X andy = Xny,y We have
M Clngey gy = M50 Gl s @GO Xy 120, @Gl X 120155 (A CClingey B+
Taking the limit as k — oo and using [eq5] and Lemma 2.3, we have

,ELTOM Coimguy X)) = ,llr’;max{d(xm(k)'xn<k))' A (X gy Xm0 )2 & Xy Xy 1)

575 (s Tmgy,) + A Xy, )

< 00i 2e 4 52
< max3se, ,,252(56 S“€)

2s%¢
a d(xm(k),xn(k)) + (1 — a)max {se, 0,0 F}
=a d(xm(k),xn(k)) + (1 —a)se
=a(se)+ (1 —a)se
= SE€.
So, we have

' <
Ill_)rgloM(xm(k), xn(k)) < se.
Now, letting x = Xm g andy = Xng, [eql], we obtain

T
0 [5° mgersar %) | < [8M Cemyp X)) -

Letting k — oo the above inequality, applying the continuity of 8 and using in [eq6],
we obtain

€
0(-s) = 0(es)
< 0(s® lim d (Xm0 X))
T
= [e(gﬂloM (xm(k>+1'x"<k)+1))] '

Therefore,
O(se) < [6(se)]” < O(s€).

Since 6 is increasing, we get se <se which is contradiction. Thus
lim;, 100 d (X, X)) = 0. Hence {x,,} is a Cauchy sequence in X. By completeness of
(X, d) there exists z € X such that

limd(x,,z) = 0.
n—-oo
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Now, we show that d(Tz, z) = 0, by contradiction. Assume that d(Tz,z) > 0. Since
X, = z as n = oo, from Lemma 2.2, we conclude that

1
ﬁd(z, Tz) < limsup d(Tx,,Tz) < s?d(z,Tz).
n—->0o

Now letting x = x,, and y = z in [eql], we have

0(s3d(Tx,, Tz)) < [0(M(x,,2))]",¥Vn €N,
where
M(xp,z) =ad(x,z)+ (1

1
— a)max {d(xn, z),d(x,, Txy),d(z,Tz), 55z (d(z,Txy)

+ d(xp, Tz))}.
Taking the limit as n — oo, we have

1
lim supM (x,,, z) = lim supmax {d (%, 2),d(xp, Txy,),d(z,Tz), 552 (d(z, Tx,) + d(xy, Tz)}
n—-oo n—oo

=d(z,Tz).
Therefore
0(s3d(Tx,, Tz)

< [8(max {d (xXn,2),d(xp, Txy),d(z,Tz), 2—12 (d(z,Txy)
+ d(xy, Tz)})].

Taking n = oo in [eq7], [eq5] and (683), we obtain
1
0[s3. 3 d(z,Tz)] = 0[sd(z,Tz)]
< O9[s3limd(Tx,, Tz)]
n—->oo

<[0(d(z,Tz)]"
< 0(d(z,Tz)).

By (0,), we get sd(z,Tz) < d(z,Tz). This implies that d(z,Tz)(s — 1) <0 = s <
1, which is a contradiction. Hence Tz = z. Now suppose that z, u € X are two fixed
point of T Such that u # z. Then we have d(z,u) = d(Tz, Tu) > 0. Letting x = z and
y = uin [eql] we have
0(d(z,u)) = 60(d(Tu,Tz))

< 0(83(d(Tu, Tz)))

< [0(M(z,w)]",
where
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M(z,u) =ad(z,u)+ (1 - a)max{d(z u),d(z,Tz),d(u, Tu) (d(u Tu) +d(z, Tu))}
=ad(z,u) + (1 —a)d(z,u).

Therefore, we have
0(d(z,w) < [0(d(z,w)]" < 6(d(z,w)),

which is a contradiction. Therefore u = z. [

For a = 1 in special case, we get the following :
Corollary 3.4 Let (X,d) be a complete b- metric space and T: X — X be a given
mapping. Suppose that there exists & € © and k €]0,1[ such that for any x,y € X. We
have

$$\begin {equation*}  d(Tx,Ty) >0\ \implies \theta[s"{3}d(Tx,Ty)]\\
\leq \theta[d(x,y)]"{K} \end{equation*}$$
Then T has a unique fixed point.
Example: Let X = [1, 4+oo[. Define d: X X X — [0,00[ by d(x,y) = |x — y|%. Then
(X,d) is a b-metric space with coefficient s = 2. Deﬁne amapping T: X — X by

T(x) = xs Evidently, T(x) € X. Let 8(t) = eVt,r = T It is obvious that 6 €

® and r €]0,1]. Consider the following possibilities:
1 1 1 1
1.x,y € [1,0[,y < x. Then T(x) = x3, T(y) = y8,d(Tx, Ty) = (x8 — ys)?,
1 1
On the other hand 8[s3d(Tx, Ty)] = eY16(x% — ys) and

M(x,y) =ad(x,y)+ (1 - a)max{d(x y),d(x,Tx),d(y, Ty) 2 (d(y, Tx) + d(x, Ty))}
=ad(x,y)+ (1 —a)d(x,y)
> (x—y)*
= [(x® — y8). (x3 + y9). (x3 + y D).

1 1
> [8(x8 — y8)]*.
Hence

N =

1 1 1 1 1 1

[6(d(x, J’))]% = -e[(xg‘yg)(x§+y§)(x5+y5)]]

v

405 -y

PERENE
= 4(x8—y8)] .
This implies that _
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0(s3d(Tx,Ty)) < ¢[0(d(x, Tx))]%

< [8(max{d(x,y), d(x, Tx),d(y, T¥)}, d (¥, Tx))]V2.

2.x < y with x,y € [1, co[. By a similar method, we conclude that

1

0(sd(Tx,Ty)) < p[6(d(x, Tx)) |2
1
< [0(max{d(x,y),d(x,Tx),d(y,Ty)}, d(y, Tx))]V2.

Hence, the condition [eql] is satisfied. Therefore, T has a unique fixed point z = 1.

Theorem 10. Let (X,d) be a complete b-metric space and T: X X X be a mapping.
Suppose that there exists 0 € ® and ¢ € @ such that for all x,y € X, d(Tx, Ty) > 0 =
8[s3d(Tx, Ty)] < d[6(M(x,¥))], where M(xy) =ad(xy)+ (1 -

a)max {d(x, y), d(x, Tx), d(y, Ty), ST +dTxy)

2s?
Proof. Let x, € X be an arbitrary point in X and we define a sequence {x,,} by

Xn+1 = Tx, = T 1xq,Vn €N,
If there exists ny € N such that d(xy, Xp,,,) = 0, then proof is completed. We can
suppose that

} Then T has a unique fixed point.

d(xp, Xpe1) >0V neN.

Letting x = x,_; and y = x,, in [eq8], we have
01d (xn, Xn+1)] < 0[5%d (X, X41)] < G[O(M (xn—1,%,))], V0 E N,

where

M(xn—l' xn) =a d(xn—li xn) + (1 - a)max{d (xn—lr xn)r d(xn—lr xn); d(xn; xn+1);
d(xn' xn) + d(xn—l' xn+1)

252 }

= a d(xp-1,%) + (1 — a)max{d (x,_1, Xp), d(Xpn, Xn+1),

d(xn—lf xn+1)

252 >
Since
1
2_82 d(xn—lf xn+1) = 2_52 [Sd(xn—l' xn) + d(xn: xn+1)]
1
= % (d(xn—lf xn) + d(xn' xn+1))
1
< % (d(xn—lf xn) + d(xn’ xn+1))
< max{d(xp_1, %), d(Xn, Xn+1)}
we obtain

M(xn_1,xn) = ad(xp_1, %) + (1 — @)max{d(x,_1, xn), d (Xp, Xn41) }-
If M(x,_1,x,) = d(x,, Xp4+1) then by [eq9], we have
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H(d(xn'xn+1)) = d’(e(d(xn: xn+1)))
< (6(d(xp, Xn+1))),

which is a contradiction. Hence M (x,_1, X)) = d(xp_1,%,). Thus 8(d(x,, Xpn41)) <
¢ (0(d(x,,-1,x,))) Repeating this step, we conclude that

0(d((Xn, Xn+1))) < $(O(d(xp-1,Xn)))
= ¢2(9(d(xn—2'xn—1))) :
< ¢™(8(d(x0, x1)))-

From [eq3] and using Lemma 2.3 and (6;), we get d(xp, Xn41) < d(Xp_1,Xp)-
Therefore, d(x,, X,4+1)nen 18 monotone strictly decreasing sequence of non-negative
real numbers. Consequently, there exists @ > 0 such that lim,,_,d(x,4+1,X,) = .
Now, we claim that a = 0. Assume that @ > 0. Since d(x,, Xp4+1)nen 1S @ non-
negative decreasing sequence, we have d(x,, x,4+1) = a,V n € N.
This implies that
1 <6(a) < 0(d(*n+1, X))

< P10(d(xn, Xn-1))]
< ¢"[0(dCxo 1))
Letting n — oo and using the properties of ¢ and 6, we get
1<6(a) = ¢"[0(d(x0,x1))] = 1,

which is a contradictions. Thus @ = 0 and so, we have lim,,_,,d (%, X,41) = 0.

Next we shall prove that {x,},ey is a Cauchy sequence, i.e. lim;, ;o d (X, X,) = 0.
By Lemma 2.3 there is an € > 0 such that for an integer k there exists two sequence
{Tl(k)} and {m(k)} such that

(i) € <limy_ e infd(xm(k),xn(k)) < lim_,o sup d(xm(k),xn(k)) < S€;
6 -
(it) = iMoo Inf d gy Ximp ) < 1iMkosco SUP A (X, Xmgyy,,) < 5765

€
(iii) S < limy_, 0 1nfd(xm(k),xn(k)+1) < limy_,, sup d(xm(k),xn(k)ﬂ) < s%€;

€
. _ . . . 3
(iv) -2 < limyesoo inf d (X410 Xngpe) S liMpssoo SUP (X 10 Xy, y) < S7€E

From [eq8] and by setting x = Xm g and y = Xn ey WE have
' <
%LrgM(xm(k), xn(k)) < se.

Now, letting x = Xm g and y = Xn in [eq8], we obtain
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6[S3d(xm(k)+1'xn(k)+1)] S d)[H(M(xm(k)'xn(k)))]-

Letting k — oo in the above inequality from the continuity of 6 and ¢ and using [eq10],
we obtain

€ 3y
9(5—2-5 ) = 6(es)
< 0% 1im d g, Xnge )
< ¢ |0 (lim Mg, %) )|
By Lemma 2.2, we get O(se) < ¢[0(se)] < O(se). Since 6 is increasing, we get se <
se which is a contradiction. Thus lim;, ;6 d (X1, Xx,) = 0. Hence {x,,} is a Cauchy
sequence in X. By completeness of (X,d) there exists z € X such that

lim,_,,d(x,,z) = 0. Now we show that d(Tz,z) = 0. In contrary, let d(Tz,z) > 0.
Since x;,, = z as n — oo, from Lemma 2.2, we conclude that

1
Fd(z, Tz) < limsup d(Tx,,Tz) < s?d(z,Tz).
n—-oo

Now letting x = x, and y = z in [eq8], we have
0(s3d(Tx,, Tz)) < [0(M(x,,2))]",¥Vn €N,
Where

M(xy,z) = ad(xy,z) + (1 — a)max{d(xy, z),d(x,, Tx,),d(z, TZ),ZLS2 (d(z,Txy)
+ d(x,,Tz))}.

As in the proof of Theorem 2.3, we have lim,,_,,supM (x,, z) = d(z, Tz). Therefore

0(s3d(Tx,,Tz))
<ad(x,z)+(1

—a) [Hmax{d(xn,z), d(xp, Txy,),d(z, TZ)'Z_; (d(z, Txy)

+ d(xy, Tz)}].

Letting n — oo in [eql 1] and using the properties of ¢ and 8, we obtain
1
0[s3 S d(z,Tz)] = 0[sd(z,Tz)]
< 0[s3limd(Tx,, Tz)]
n—-oo

< ¢[0(d(z,T2))]
< 0(d(z,Tz)).
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By (6;1), we get sd(z,Tz) < d(z,Tz). This implies that d(z, Tz)(s —1) < 0 = s <
1, which is a contradiction. Hence Tz = z.
Now suppose that z, u € X are two fixed points of T such that u # z. Therefore, we
have

d(z,u) =d(Tz,Tu) > 0.

Letting x = z and y = u in [eq8], we have

0(d(z,u)) = 6(d(Tu,Tz))
< 0(53(d(Tu, Tz)))
< ¢[O0(M(z,w))],
where
M(z,u) = ad(z,u) + (1 — a)max {d(z, u),d(z,Tz),d(u, Tu),z—i2 (d(u,Tu) +d(z, Tu))}

=ad(z,u)+ (1 —a)d(z,u)
=d(z,u).

Therefore, we have

0(d(z,u)) < ¢p[0(d(z,u))] < 0(d(z,u)).

which implies that d(z, u) < d(z,u) This is a contradiction. Therefore u = z. []

It follows from Theorem 3.4 that we coin the followed fixed point theorems for Gregus
-Kannan (8 — ¢) type and Gregus- Reich (6 — ¢) — type . The results presented in the
paper improve and extend the corresponding results due to Kannan - type contraction
and Reich-type contraction on b-metric space.

Theorem 11. Let (X,d) be a complete b-metric space and T: X — X be a Gregus-
Kannan(0 — ¢) type contraction. Then T has a unique fixed point.
Proof. Since T is a Gregus-Kannan -(6 — ¢) type contraction, there exists 8 € © and

¢ € & such that
O1s°d(Tx, )] < ¢ |0 (d(Tx' 2 . = w)]

< ¢p[0(max d(x,Tx),d(y, Ty))]

<ad(x,y)+(1—a)¢ [9 (max {d(x, y),d(x,Tx),d(y,Ty), @@, Tx)Z:Zd(x, Ty))})] .

Therefore, T is a Gregus (8 — ¢) contraction. As in the proof of Theorem 2.2, we
conclude that T has a unique fixed point. [
Theorem 12. Let (X, d) be a complete b-metric space and T: X — X be a Gregus-Reich
(6 — &) type contraction.Then T has a unique fixed point.

Proof. Since T is Gregus-Reich-(8 — ¢) type contraction, there exist 8 € © and ¢ €
® such that
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O[s3d(Tx, Ty)] < ¢ [ 0 (d(x,y)+d(T9;,X)+d(Ty.3’))]

< ¢[0(max d(x,y),d(x,Tx),d(y, Ty}% (dQy, Tx) + d(x,Ty)))]
<ad(xy)+(1—-a)p [6 (max {d(x, y),d(x,Tx),d(y, Ty),w})] .

252

Therefore, T is a Gregus type (6 — ¢)-contraction. As in the proof of Theorem 2.3, we
conclude that T has a unique fixed point. [J

4. Application to nonlinear integral equations
In this section, we endeavor to apply Theorems 3.4 and 3.6 to prove the existence and
uniqueness of the integral equation of Fredholm type

b
x(t) = /1] K (t,r,x(r))ds,

where a,b € R, x € C([a,b],R) and K:[a,b]? X R— R is a given continuous
function.
Theorem 13. Consider the nonlinear integral [eql2] and assume that the Kernel

. - g- .. 1
function K satisfies the condition |K(t,r,x(r)) — K(t,r,y(r))| < 5_2(|x(t) -y

for all t,r € [a,b] and x, y € R. Then the equation [eql12] has a unique solution x €
C([a, b]) for some constant A depending on the constant s.

Proof. Let X = C([a, b]) and T: X — X be defined by
b
T(x)() = AJ K (t,r,x(r))ds, Vx € X.
a

Letd: X X X = [0, 4+oo[ be given by

d(x,y) = max [x(©) = ()|

Vx,yeX. It is clear that (X,d) is a complete b-metric space.
We will find the condition on A under which operator has a unique fixed point which
will the solution of the integral equation [eq12]. Assume that x,y € X and ¢, r € [a, b].
Then we get
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ITx(®) = Ty(O)] = 121 <| | K (6 x) - | K, r,y(r))dﬂ)
| 'K (2 — K (6, y(r)dr]
< [ LK x0) — K67,y ()]
=i | (L) -y ) ar

1 b
- 5[ e - yoapar].
a
This implies that

b
tg%g)g](lTx(t) —Ty(®)D) = [max IAIL | (K(t,7,x(r)) — K(¢t,r,y(r))dr]|

1 b
< max 514 [ 16 =~ yrr]

t€[a,b]

1 b
<— - :
<z (max x(r) - y@)lar)

By the definition of b-metric space, we have d(Tx,Ty) > 0 and d(x,y) > 0 for all
X # y, so we can take natural exponential sides and get

: (511 max [2 (K (6r.x()-K &y ()arl]
els?d(TxTy)] = o t€[a,b]
< JEzaen-yaary)

b _ A
e”“ max |x(r) y(r)mr]]%

=

provided that || < s, which implies that
b
P[2dTTY)] < o5 e (Tg%%]I(X(r)—y(r))drll".

Hence
F(s*d(Tx,Ty)) + ¢(d(x,¥)) < F(d(x,¥))

for all x,y € X with 8(t) = e® and ¢(t) = t* and k = (lj—l) It follows that T satisfies

the condition [eql] and [eq8]. Therefore there exists a unique solution of the nonlinear
Fredholm inequality [eql2]. []

5.Conclusion

We defined Gregus type 8 and Gregus type (6 — ¢) -contraction (or R-N type
contraction) on a b-metric space into itself by extending (6 — ¢)-contraction introduced
Zheng et al. (Zheng) in metric space and also proved 6 type theorem as well as (6 —
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@) -type theorem in the framework of b- metric spaces. Moreover, we present an
application to nonlinear integral equations. We also present illustrative example to
exhibit the utility of our result.
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